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1. Introduction and results 

It is a classical result, due to Mane-Sad-Sullivan [MSS] and Lyubich Lyu|, that the stability of 
a holomorphic family of rational maps on the Riemann sphere is equivalent to the stability of its 
repelling cycles. This is a fundamental fact in order to understand the bifurcations within such 
families. Our aim here is to extend it to the higher dimensional setting. 

A holomorphic family of endomorphisms of P fc is a holomorphic map / : M x P fe — > M x P k 
of the form f(X,z) = (A, f\(z)) where the parameter space M is a complex manifold and all the 
maps fx have the same algebraic degree d. The Julia set J\ of f\ is, by definition, the support 
of the maximal entropy measure px of f\ (see |BrDvi IDS] ). The repelling J-cycles of f\ are the 
repelling cycles of f\ which belong to J\. When k = 1, all repelling cycles are J-cycles but this is 
not in general the case when k > 1 (see |FS| ). As it has been shown by Briend-Duval |BrDv| . the 
repelling J-cycles of f\ equidistribute the measure px- We will adopt the following definition. 

Definition 1.1. The repelling J-cycles of fx are said to move holomorphically over M if, for 
every n, there exists a finite collection of holomorphic maps {p n ,j ■ M —> P fc }i<j<iv d (n) such that 
{ Pn,j{X)}i<j<N d (n ) is equal to the set of the n-periodic repelling J-cycles of fx for each A £ M. 

For k = 1, the holomorphic motion of repelling cycles yields a holomorphic motion of the Julia 
sets. This means that, for a given Ao £ M, there exists a map h:Mx Jx 0 —> M x P 1 of the 
form h{\,z) = (X,hx(z)) which is continuous, holomorphic in A, one-to-one and which commutes 
with /. The map h is the holonomy map of a lamination with transverse measures fix and can 
easily obtained as follows. One first notes that the family ( Pn,j)j n is normal (this is actually 
true even when k > 1). Then, as the p n j have disjoint graphs, Hurwitz lemma implies that 
sequences like 7 *. := Pj k ,n k have a unique limit as soon as 7 fc(Ao) converges. It then suffices to set 
h(X,z) := (A,limfc 7 fc(A)) where z = limfc 7 fc(Ao). This is the so-called A-Lemma. 

When k > 1, the limits of 7 ^, := Pj k , nk might be not unique and one is therefore led to consider 
webs instead of laminations. To this purpose, the following framework has been introduced in 
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[BtDp| . The map / induces a dynamical system (fj, JF) where 

J \= {7 : M —> P fc : such that / is holomorphic and 7 (A) £ J\ for all X £ AI} 

and T : J —> J is given byJ r ( 7 )(A) := ( f\ o 7 ) (A) for all A £ M. The set J is a (possibly empty) 
metric space for the topology of local uniform convergence. Using the compactness properties of 
probability measures, one easily sees that if the repelling J-cycles of / move holomorphically then 
there exists a ^-invariant probability measure Ai on J which is compactly supported and such 
that fx\ = fj <5 7 (a) dAf ( 7 ) for all A £ M. This motivates the following definition. 

Definition 1.2. For every A £ M the projection p\ : J —> P k is defined by px(l) '■= 7 (A). A 
structural web of / is a probability measure AA. on J such that T* (AA) = Ai and p\+ (A4) = 
for every A £ M. 

It will be crucial in our study to work with structural webs Ai for which the graphs T 7 of 
Al-almost every 7 £ J avoid the grand orbit of the critical set of /. The existence of these 
structural webs relies on the main results of [BtDp| and we will show here that some of them 
are ergodic (see Proposition 12.11) . Using a technique introduced by Briend-Duval in the setting 
of a single endomorphism of P fc ( |BrDv| ). we will exploit the stochastic properties of (J ,T,AA) 
to show that the iteratated inverse branches of / are exponentially contracting near the graph 
r 7 := {(A, 7 (A)) : A £ M} of Al-almost every 7 £ J (see Theorem 12.21 and Section [3]). This 
implies that for Al-almost every 7 £ J the graph T 7 does not intersect any other graph Ty where 
7 ^ 7 ' £ supp A4 (see Proposition 12.31) . This approach allows us to build measurable holomorphic 
motions in the following sense. 

Definition 1.3. Let f : M x P fc —»• M x P fc be a holomorphic family of endomorphisms of P fc of 
degree d > 2. A measurable holomorphic motion of the Julia sets J\ over M is a subset C of J 
such T (£) = C and 

1 ) r 7 n P 7 ' = 0 for every distinct 7 , 7 ' £ C 

2 ) r 7 does not meet the grand orbit of the critical set of f for every 7 £ C 

3) '■ 7 £ £} = 1 for every A £ M 

4) the map T : C —^ C is df-to- 1. 

Our main result can be stated as follows. 

Theorem 1.4. Let f : M x P fc —► M x P fc be a holomorphic family of endomorphisms ofP k of 
degree d> 2, with M is a simply connected complex manifold. If the J-repelling cycles of f move 
holomorphically over M there exists a measurable holomorphic motion C of the Julia sets J\ over 
M. Moreover, f admits a unique structural web A4 and A4 (C) = 1. 

By totally different methods, Berger and Dujardin ( ||BgDj| ) have recently build measurable 
holomorphic motions in the context of polynomial automorphisms of C 2 . 

When M is a simply connected open subset of the space Hdi P fe ) of endomorphisms of P fc of 
degree d > 2, we may combine this result with some results of |BtDp| to see that the holomorphic 
motion of Julia sets is equivalent to that of repelling cycles. 

Theorem 1.5. Let f : M x P fe —»• M x P fe be a holomorphic family of endomorphisms where M 
is a simply connected open subset of the space Ud(P k ) of endomorphisms ofP k of degree d > 2. 
Let L(X) denote the sum of Lyapunov exponents of (J\, f\, fi\). Then the following assertions are 
equivalent : 

(A) the J-repelling cycles move holomorphically 
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(B) the function L is pluriharmonic on M 

(C) there exists a measurable holomorphic motion of the Julia sets J\ over M. 

2. From structural webs to holomorphic motions 

In this section, we first show that the existence of a structural web for which the graphs of 
almost every 7 £ J avoid the grand orbit of the critical set of f yields an ergodic structural web 
M which satisfies the same property. Then, we explain how the control of iterated inverse branches 
in the dynamical system (J , J 7 , M ) implies the existence and uniqueness of a holomorphic motion. 

In all the section, the critical set of a holomorphic family / : M x P fe —> M x P fe of degree d 
endomorphisms of P fc will be denoted Cf and we set 

Js ■■= {7 G J ■ r 7 n (u m f~ m (u„r (c f ))) ± 0}. 

2.1. Existence of good ergodic structural webs. We aim here to prove the following result. 

Proposition 2.1. Let f : M x P fe —> M x P fe be a holomorphic family of endomorphisms of P fc of 
degree d > 2. If f admits a structural web Mo such that Mo ( J s ) = 0 then f admits a structural 
web M ' 0 satisfying M' Q (J s ) = 0 and supp .Mg C supp Mq and which is ergodic. 

Proof. Let us consider the convex set V we b (1C) of structural webs of / which are supported in /C, 
where 1C := supp (Mo). Note that B(IC) C K. since Mo is J r -invariant. By definition, V we b (1C) is a 
subset of the set of probability measures on 1C. The set V we b (1C) is actually a compact metric space 
for the topology of weak convergence of measures. Let us recall why. Since K, is a compact subset of 
the metric space J , the space C(1C) of continuous functions on K. is a separable Banach space for the 
norm of uniform convergence. Thus, by Banach-Alaoglu theorem, the unit ball Bqq cy of its dual is 
metrizable and compact for the weak* topology. Using the Riesz representation theorem, one then 
sees that P we b (1C) is closed in B c ^y. Indeed, if M n £ V we b (1C) converges to M £ B c ^ K y then 
M is a probability measure on K. which is invariant since T*M = lim n T*M n = lim„ M n = M 
and is a structural web for / since p\+M = lim„ p>*.A/I n = p\ for every A £ M. 

We will use Choquet decomposition theorem to find extremal points M' in V we b (1C) for which 
M' (Js) = 0 and then prove the ergodicity of M' by showing that these points are also extremal 
in the set Vi nv (1C) of J r -invariant probability measures on 1C. 

Let us denote by Ext (V we b (1C)) the set of extremal points of the compact metric space V we b (1C). 
By Choquet’s theorem, there exists a probability measure vq on Ext (V we b (1C)) such that 

Mo = f n 0 (£). 

JExt(r web (ic)) 

Let us show that the set of structural webs £ £ Ext ( V we b (1C)) for which £ ( J s ) = 0 has full vq- 
measure. To this purpose we decompose 1C S := 1C fi J s into a countable union of compact subsets 
of J\ 

ic s = {jic n s . 

n 

This can be done by observing that for any relatively compact subset M' of M and any component 
of the grand critical orbit of /, the set of 7 £ 1C for which the graph T 7 intersects that given 
component over M' is compact. Now, since Mo (1C™) = 0, it suffices to check that 

M 0 (IC™)= f £(KZ)v 0 (£), 


Ext{V web {K)) 
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which can be seen by approximating the indicatrix 1 ^™ by positive continuous functions on 1C. 

To conclude the proof we are left to check that any AT £ Ext ( V we b (A)) is extremal in V lnv (1C). 
Assume that AT = ^Mi + \M 2 where A ij £ Vi nv (1C). Then, as AT is a structural web for / 
we have = P\+ (AT) = (Mi) + \p\* (M 2 ) for every A £ M. Since p\ o A = f x o p\, 
the probability measures p A * ( Mj) are / A -invariant and therefore the ergodicity of implies that 
Px* (Mi) = p\* (M 2 ) = P\ for every A £ M. This shows that AT and M 2 actually belong to 
V W eb (1C) and the identity AT = Mi = Mi then follows from the fact that M' is extremal in 
V web (lC). □ 

2.2. Iterated inverse branches. In this subsection, we present the result on the rate of contrac¬ 
tion of iterated inverse branches which will be used to prove the existence of holomorphic motions. 
We also fix the framework and some notations for the rest of the paper. 

An ergodic structural web M for / yields an ergodic dynamical system (J7 - , A, A4), where A 
is defined by A(y)(A) = / A ( 7 (A)) for every 7 £ J. To study the inverse branches of the map A, 
it is convenient to transform this system into an injective one. This is possible using a classical 
construction called the natural extension which we now describe (we refer to |CFS1 Chapter 10.4] 
for more details). 

Let us assume that M is simply connected and that M (J s ) = 0. Recall that 1C := suppA4 is 
a compact subset of J. Setting X := 1C \ J s , it is not difficult to check that the map A : X —> X 
is onto. We may therefore construct the natural extension ^A, A, M^j of the system (A, A, A4) in 

the following way. An element of A is a left-infinite sequence 7 :=(••■ , 7 _j, 7 _j+i, • • ■ , 7 -i, 70 ) 
of elements 7 j £ X such that A( 7 -j) = 7 -j+i and one defines the map A : X —> X by setting 

Hi) : = (---A( 7j ),A( 7 - j+ i),--- ,A( 7 -i),A(7o)) 

= (••• 7 - 4 + 1 , 7 - 4 + 2 , ••• ,7o,J r (7o))- 

The map A corresponds to the shift operator and is clearly one-to-one and onto. We may now 
lift the measure M on X to a measure M on X which is characterized by the property that 

(t)* (- M ) = M 

for any projection 717 : X —>• X given by 

n j ( 7 ) = T ((" ' > 7-j, 7 - 4 + 1 ,''' , 7-i, 7o)) := 7-4 • 

The ergodicity of M implies the ergodicity of M. We have thus obtained an invertible and ergodic 
dynamical system ^X, A, M^j. 

For every 7 £ J whose graph T 7 does not meet the critical set of /, we denote by / 7 the 
injective map which is induced by / on some neighbourhood of T 7 and by Z ” 1 the inverse branch 
of / 7 which is defined on some neighbourhood of r_ 7 r( 7 ). Thus, given 7 £ X and n £ N we may 
define the iterated inverse branch f~ n of / along 7 and of depth n by 

fZ n := f _1 o•• • o f -1 o f~ l 

J 7 J 1 -n *'7—2 *'7-1 

Let us stress that f~ n is defined on a neighbourhood of T 7o with values in a neighbourhood 
of T 7 _ n . Moreover, since only a finite number of components of the grand critical orbit of / are 
involved for defining /A, we may always shrink the parameter space M to some 11 g M so that 
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the domain of definition of /- n for a fixed 7 contains a tubular neighbourhood of F 7o n (hi x P fe ) 
of the form 1 X 70 , 77 ) fl (fl x P fc ), where 

T (lo,v) ■= {(A, z) G M x P fe : d(z, 70(A)) < 7}. 

The crucial estimate for our study is given by the following result. 

Theorem 2.2. Let M be a simply connected complex manifold and f : M x P fe —» M x P k be a 
holomorphic family of endomorphisms of P k of degree d > 2 . Assume that f admits an ergodic 
structural web Ai such that Ai {fls) = 0. Let Ao G M. Then there exists a neighbourhood Uq of 
Ao, an integer p > 0, a subset y C X such that Ai ^3^ = 1, a measurable function rj p : y —x]0,1] 
and a constant A > 0 such that: 

for every 7 G J and every n G pN* the iterated inverse branch f~ n is defined on the tubular 
neighbourhood T('yo,ff p (fy)) n (Uq x P fc ) o/T 70 (~l (Uq x P fe ) and 

f~ n (T( 7o , rj p ( 7)) n (Uo x P fc )) C T( 7 _ n , e~ nA ) n (U 0 x P fc ). 

Moreover, f~ n is Lipschitz with Lip(f p )~ n < l p ( 1 y)e~ nA , where l p (j) > 1. 

The last section of the paper will be devoted to the proof of the above result. 

2.3. Existence and uniqueness of holomorphic motions. The existence of a unique holo¬ 
morphic motion will basically be obtained by combining Proposition 12.II with the following one. 

Proposition 2.3. Let M be a simply connected complex manifold and f : M x P fc —>• M x P fc be a 
holomorphic family of endomorphisms of P fc of degree d > 2. Assume that there exists an ergodic 
structural web Ai 0 of f such that Aio (>Js) = 0 and let /Co := suppAfo- Then 

AIq ({7 G /C 0 : 3k G N, 37 ' G /C 0 s.t. Tjrfc( 7 ) fl Ty ^ 0 awe! A k { 7 ) / 7 '}) = 0. 

Moreover, any other structural web of f coincides with Aio as a probability measure on J . 

Proof, to prove the first statement, it is sufficent to show that for any fixed k G N and any Ao G M 
there exists a neighbourhood Uo of Ao such that 

(1) Mo ({7 6 /Co : By' G /C 0 s.t. T^ (t) n T y n (Uo x P fc ) ^ 0 and ^'( 7 ) ^ 7 '}) = 0 

To this purpose, we shall work with the natural extension (^X, T. Ato^J of the system (X, T\ Aio) 
which has been constructed in subsection 12.21 and apply Theorem 12.21 Let Uq be a neighbourhood 
of Ao given by that theorem; we may assume that Uq is simply connected and that Uo <s M. We 
recall that X C /Co and set T k ( 7 ) =: 7 *, and A k ify) =:jk- 

For any B C Uo, we define the ramification functions Rb by setting 

Rb( 7 ):= sup supd( 7 (A), 7 7 (A)), V 7 Gj. 

T'e/c o: r 7 , |B nr 7|B /0 b 

Let p be the integer and r) p : y —x]0,1] be the measurable function given by Theorem 12.21 For 
e > 0 we set 

34 := {7 G 5^ : rj p (%) > e and Ruoilk) > 0}. 
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It then suffices to prove that Mo (^34 ) = 0 for every e > 0 as it follows from the following 
observation: 

Mo ({7 e /Co : 37 ' G /Co s.t. r 7fc (~l r 7 > n (U 0 x P fe ) 7 ^ 0 and 7 k ^ 7 '}) 

= Mo ({7 6 /Co '■ Ruoilk) > 0}) = Mo ({7 G X : Ru 0 (lk) > 0}) 

= Mo ({7 S y : Ru 0 hk) > 0}) = Mo (u e >o34) • 

Let us proceed by contradiction and assume that Mo ^34 j > 0 for some e > 0. Owing to the 
equicontinuity of X (we recall that X C supp A'lo) we may cover Uq with finitely many open sets 
Bi C Uo, say with l < i < N, such that 

(2) V 7 , 7 ' G X, VAi G Bi : 7 (Ai) = 7 '(Ai) => sup d ( 7 (A), 7 '(A)) < e. 

xeBi 

As Ru 0 ( 7 ) = 0 when maxi<j<jv R Bi (l) = 0 (by analyticity we have 7 = 7 ' on Uq if 7 = 7 ' on 
some Bi), there exists 1 < j < N and a > 0 such that: 

Mo ({7 g y ■ Vp(%) > e and R Bj {lk) > a}) > 0. 

Let us set 34 7 a := {7 G y : rj P (pjk) > e and R Bj {p/k) > c*}. Applying Poincare recurrence 
theorem to T~ p , we find 7 G 347 c* and an increasing sequence of integers ( n q ) q with n q G pN such 
that T~ nq { 7 ) G y e ,j, a fo every q G N. In particular 7 G and -Re, (7fc-n„) > ct for every q G N. 
We will reach a contradiction by establishing that 

(3) lim R Bi {lk-m P ) =0, Vi G {1, • • • , N}, V 7 G 34- 

m —>+00 

To this purpose we shall use Theorem 12.21 to show that Rs^k-n) < e~ nA when n G pN and 
7 G Je- Let 7 ' G /Co such that 7 , (Ai) = Jk-n(^i) for some Ai G Bj. Then (J r ” 7 , )(Ai) = 7 *(Ai) 
and thus, according to ©, sup AgB . d ((T n j')(\), 7 fc(A)) < e < rj p (jk)- This means that 

(4) O (Bi x P fc ) C T ( lk , rj p (%)) O (Bi x P fe ) . 

Now, according to Theorem 12.21 the inverse branch /A" of /” is defined on T ( 7 *,, rj p (j k )) Cl 
(t/o x P fc ) and maps it biholomorphically into the tube T ('y k -n, e~ nA ). As Bi C Uo, this yields: 

(5) (r (7fc. Vp(7k)) n (Bi X P fc )) C T (7fc- n , e“ nA ) . 

By construction we have /A"(T 7 J = r 7it _„ and thus /A n ((-FVXAi)) = /A"(7k(Ai)) = 
7fc_n(Ai) = 7 '(Ai). This implies that /A" (IVr, 7 /) = r 7 * which in turns, by (© and (©, implies 
that, sup AgB . d( 7 , (A), 7 fc_ n (A) < e~ nA . Then © follows and Jl]) is proved. 

We now prove the uniqueness assertion. Let us fix A G M and, for any Borel subset A of J, let 
us set A\ := { 7 (A) : 7 G A}. Then, as A C p A x (A a ) we have 

P\(A\) = (p\+M)(A\) = M (p A 1 (A\)) > M(A) 

for every structural web M of /. On the other hand, it follows from dT|) applied for k = 0 that 

Pa (AO = Mo ( px 1 (-4a)) = Mo(A). 
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We thus have M.q{A) > M.(A) for any borelian subset A of J and this implies that the measures 
AI and AIo must coincide since both are probability measures on J. □ 

We now give a proof of Theorem 11.41 

Proof. By assumption, for every n > 1 we have subsets lZ n := {p n ,j '■ 1 < j < Nd(n)} of J such 
that the p raj (A) are the repelling n-periodic points of f\ for every A £ M. Notice that Nd(n) < d kn 
since any /" cannot have more than d kn fixed points, and moreover that lim n d~ kn Nd(n) = 1 . 
Without loss of generality we may assume that A (1Z n ) = lZ n . We define a sequence (A4 n ) n of 
A-invariant discrete probability measures on J by setting A4 n '■= n^ u ) j(A)- 

Considering lifts to C fc+1 , one may check that the family U n {pn,j ■ 1 < j < Nd(n)} is equicon- 
tinuous. Thus, there exists a compact subset /C of J such that A (1C) C /C and supp M n C /C for 
every n > 1. Therefore, after taking a subsequence, (A i n ) n converges to a compactly supported 
probability measure AI on J. 

Let us check that AI is a structural web for /. For every A £ M, we have p A * (AI) = 
Pa* (hm„ A4„) = lim n p A * (M n ) = lim„ (A) = Px where the last equality fol¬ 

lows from lim n d~ kn Nd(n) = 1 and Briend-Duval equidistribution theorem [BrDv| . The invariance 
of M follows from that of the A4 n . Indeed, 

A* (M) = A* (lim M n ) = lim A* (M n ) = lim (M n ) = M. 

We shall now prove that A4 ( J s ) = 0. To this purpose we first notice that, according to 
|BtDp[ Proposition 3.1], dd c L( A) = 0 where L( A) is the sum of Lyapunov exponents of f\ with 
respect to the measure p>\. Then we use Proposition 3.3 of |BtDp| to deduce that M does not 
contain Misiurewicz parameters, recall that a parameter Ao is called Misiurewicz if there exists 
a holomorphic map p : N\ 0 —> P fe defined on some neighbourhood N\ 0 of Ao such that p(A) is a 
repelling J-cycle of f\ for every A € N\ 0 , the point (Ao,p(Ao)) belongs to f k (Cf ) for some k > 1 
but the graph of p is not contained in f k (Cf). 

We can now see that for every k £ N and every 7 £ suppAI one has: 

r 7 n f k (c f ) ^ 0 => r 7 c f k (c f ). 

Indeed, if this were not the case, by Hurwitz theorem, we could find some 7 ' £ U n suppAf ra such 
that P 7 fl f k (Cf) 7 ^ 0 and T 7 is not contained in f k (Cf). When k = 0 this is clearly impossible 
since 7 '(A) is a repelling cycle of f\ and when k > 1, this is impossible because M does not contain 
Misiuerewicz parameter. 

So, fixing any Ao £ M we get 

M ({7 £ J : r 7 n (u fc >o/ fe (C7)) ^ 0}) = M ({7 £ J : T 7 C (ufe>o/ fe (C' / ))}) 

< M ({7 £ J : (Ao,7(Ao)) € (u fc > 0 / fc (C»)}) 

= Px 0 (Ufc>o/ Ao (C'/x 0 )) = 0 

where the two last equalities come from p Ao * (A4) = p\ 0 and the fact that p,\ 0 does not charge 
pluripolar sets in P fc . The estimate A! ( J s ) = 0 finally follows from the A-invariance of Af. 

According to Proposition ^. 11 there exists a structural web AIo which is ergodic as A-invariant 
measure on /Co := supp AIo an d such that AIo (Js) = 0 . We consider 

£+ := {7 £ Ao \ J s : V 7 ' £ /C 0 ,Vfc £ N,r^ (7) nTy ^ 0 =► A fc ( 7 ) = 7 '}. 
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By Proposition ^. 3l we have Mq (£ + ) = 1 and, by construction, £ + satisfies the following properties: 

1) £+ C J\J S 

2) F(C + )c£ + 

3 ) Vy, i £ C+ : T 7 D Ty ± 0 => 7 = 7'. 

The set C := U m > 0 J“ m (£ + ) satisfies the same properties and moreover F : C —> C is d fc -to-l. □ 


3. Rate of contraction of iterated inverse branches 

The aim of this section is to prove Theorem 12.21 Since everything here is local, we may assume 
that the parameter space M is an open subset of C m which we endow with the euclidean norm. 

In all the section, we shall use the notations and concepts introduced in Subsection 12.21 and in 
particular work with the natural extension ^ X , J 7 , Ai'j where A4 is an ergodic structural web such 
that M(J S ) = 0 and X = supp A4 \ J s = K. \ J s . Let us recall that, by definition of a structural 
web, the support 1C of JH is a compact subset of J. 

3.1. Lyapunov exponent and rate of contraction. The material presented in this subsection 
is not original. We simply adapt to the context of the system ( J , J 7 , M) the tools which have been 
first introduced in jBrDvj by Briend-Duval for the case of a single holomorphic endomorphism of 
P fe . 

We first need to fix good sets of holomorphic charts on P fe . For any t > 0, we may find a 
covering P fc = U^ 1 K; by open sets and a collection of holomorphic maps 

tpi : Vi x B^k (0, Rq) —> P fc 

such that := is a (holomorphic) chart centered at x £ Vi (which means that 'tpi, x : 

Bfck(0, Rq) —> ipi, x (ITy ( 0 , R.q)) is a biholomorphism and 0) = x) and 

( 6 ) e~ T/2 \z - z'\ < dpk (i>i, x (z),xl) ijX (z')) < e r/2 \z - z'\ 

for all ( x , z) € Vi x B^k( 0, Rq) and all 1 < i < N. 

We will now use these holomorphic charts to express the restrictions of /" on suitable neigh¬ 
bourhoods of graphs T 7 . Let us fix Ao in M. Since the family /C is locally equicontinuous, there 
exists a relatively compact open ball Wq centered at Ao in M such that: 

V 7 £ /C, 3i £ {1,2, • • • , N} such that 7 (A) £ V); for all A £ Wo. 

For all 7 £ /C we set 

*( 7 ) := inf{l <i<N: 7 (A) £ V) for all A £ Wo}. 

Then, for every n > 1 there exists R n £]0,I?o] such that the maps F™^(z) given by 

F-y(\)( z ) := (^i(.F n (7)),^"(7)(A)) °/a 0 ,-r(A)(^) 

are well defined and holomorphic on Wo x Bt£k(0, R n ) (i.e. on a fixed neighbourhood of Wo x 
.Bcfc (0, !?„)) f° r every 7 £ 1C. This follows immediately from the definitions and the uniform 
continuity of f n on Wo x P fc . 

As F™( X j(z) is locally invertible at the origin when 7 ^ we may now define functions u n on 
X x Wq by setting 


un{ 7 , A) := In ||ODF; (a) (0 ))- 1 ||; V( 7 , A) £ X x Wo, Vn > I. 






HOLOMORPHIC MOTION FOR JULIA SETS OF HOLOMORPHIC FAMILIES OF ENDOMORPHISMS OF P fc 9 


Let us stress that 0 )) -1 depends holomorphically on A € Wq. 

From now on we consider three open balls Uo <s Vo <e Wq centered at Ao in M. Let us introduce 
the function r p on X by setting: 

r p ( 7 ) : = e - 2su P^u 0 “ P (7,A)^ 

The next lemma shows that the function r p measures the size of tubular neighbourhoods of T 7 
on which f p is invertible and also the rate of contraction of the inverse branch (/ p ) 7 1 • 

Lemma 3.1. Let r p : X —» R + * be the function defined by r p ( 7 ) := e~ 2suPxet/ o p Qr an y 

sufficently small e > 0 there exists C p (e) > 0 such that for any 7 £ if the map f p admits an 
inverse branch (/ p ) 7 1 on the tube T(J rp ( 7 ), C p (e)r p ('y)) PI (t/o x P fc ) which maps Tjfp( 7 ) fl (Uq x P fc ) 
to r 7 n (t/o x P fe ) and is Lipschitz with Lip ((/ p ) 7 1 ) < e r+e / 3 r p ( 7) -1 / 2 ■ 


Proof. We apply a quantitative version of the inverse mapping theorem to the maps where 

7 G X and A G t/o- Our precise references for that are |BrDv[ Lemma 2] and [Pup, Lemma 1.1.32], 
This yields S p (e) > 0 such that the following statement holds for any (7, A) G X x Uq\ 


the inverse (^ 7 (a)) °f ^ 7 (a) defined on B C k ^0,<5 p (e)||(I/F p ^ A ^(0)) 1 || and is Lipschitz 

with Lip (-F 7(a) ) < ef ||(L>F p (a) (0))- 1 ||. 

Let us stress that S p (e) does not depend on (7, A) since one may take 5 p (e) = 3 where 

M = SUp AgE/0i7gA , l|-t 1 7 (A)llc 2 ,S( 0 ,R p )- 

Taking into account the fact that the distorsions introduced by the charts are bounded (see (]5|)). 
one sees that a similar statement holds for / A after dividing 5 p (e) by a suitable large constant and 
modifying the Lipschitz estimate. Namely: 


for every 7 G X and every A G Uq, f\ admits an inverse branch (/ p ) 7 ^ on 
B P k (/a(t(A)), <5y,(e)||(ZA^ , (A) (0)) _ 1 1| -2 ^) which maps f{{ 7 (A)) to 7 (A) and is Lipschitz with 

Lip(/ p ); ( 1 A <e" + «||( J DF p A) (0))- 1 ||. 

As / p (A, z) = (A, / A (~)) is a hbered map, the statement follows since inf Ae jj 0 ||(LAA 7 ^^^(0))” 1 1 |~ 2 = 

e — 2 sup Aet/0 up( 7 ,A) = n 


We now define functions u„ on X by setting: 

(7) u n ( 7 ) := sup u n ( 7 o, A); V 7 G X . 

Aet / 0 

The stochastic properties of the functions u n actually allow to control the asymptotic behaviour 
of r p ( 7 _ n ) for almost every 7 in X and to obtain the estimate given in Theorem l2.2l This is what 
our next Proposition shows. 

Proposition 3.2. Let f : M x P fe —> M x P fc be a holomorphic family of endomorphisms of P fc of 
degree d > 2 which admits an ergodic structural web A4 such that M {fj a ) = 0 . 

Let r > 0 and e > 0 be such that Lemma \3.1\ holds and — ^ + r + 2e < 0. Let U 0 <e V 0 <s W 0 
be relatively compact open balls centered at Ao G M and let u n be the functions defined on X as in 
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Assume that the functions u n are M-integrable and that there exists L < — j-d- such that 

1 f _ - 

lim — / u n dAA = L. 
n n Jx 

Then there exists an integer p, a subset y C X such that M ^3^ = 1, a measurable function 
ffp : y —>-]0,1] and a constant A > 0 such that: 

for every 7 £ y and n £ pN* the iterated inverse branch f~ n is defined on the tubular 
neighbourhood T("/ 0 ,Vp{l)) n x P fc ) o/T 7o D ( U 0 x P fc ) and f~ n (^( 70 , 77 ^( 7 )) n ( U 0 x P fe )) C 
T(j-n, e~ nA ) fl (Uq x P fc ). 

Proof. We shall use the following Lemma for which we refer to Pup]. 

Lemma 3.3. Let ip and be measurable and strictly positive functions on a metric space X. 
Suppose that lim„ In ?/>„ ( 2 :) = 0 for all x £ X. Then for any e > 0 there exists measurable 
functions a, (3 : X — >]0, +oo[ such that ae~ ne < tp n < (3e n<L for all n £ N and a < ip < /3. 

As by assumption lim„ 7 Wi dM. = L with L< , we may pick p £ N* such that 
p fx ^p dAA =: L" < L + e. Setting L' := pL", we note that L' + t + e < 0. 

Then we can apply Birkhoff ergodic theorem to find y C X such that M (y) = 1 and 
1 n r 

( 8 ) lim — Up T~i ( 7 ) j = / u p dM. = pL" = L'\ V 7 £ y. 

n j=\ Jx 

By dSI we have lim n ilnr p ( 7 _ n ) = lim„ 2u p (T~ n (ff))^ = 0 for all 7 £ y. Thus, applying 
Lemma |3.3l to the functions ip n { 7 ) := C p (e)r p ( 7 _ n )e _e//2 and ip = 1 yields a measurable function 
r p : y —>] 0 , 1 ] such that 

(9) C p (e)r p ( 7 _ n )e _e/2 > f p ( 7 )e“" e/2 ; V 7 6 y. 

Let us now consider the sequence of functions ( v n ) n which are defined on y by setting v n (y) := 
e~ nL e u p(i-A . By J5J), we have lim„ ilnu n ( 7 ) = 0 for every 7 £ y. We may thus apply 

Lemma 13.31 to the functions v n and p = 1 and get a measurable function l p : y —>■ [l,+oo[ such 
that v n < l p e ne / e , which means that 

n n 

(10) n (r P (y-j)r 1/2 = n eSp(7_j) ^ l(7)e nL ' +ne/6 ; V 7 £ $. 

. 7=1 i=i 

We now set r} p := & and prove by induction on n that: 

(!) (/ p )y” is defined on T( 7 o,?? p ( 7 )) n (U 0 x P fc ) 

(2) Lip < r p ( 7 )e"( L '+^/ 2 ) 

(3) (/ p )~" [T( 70 i ^( 7)) n (U 0 x P fc )] c r( 7 _ n ,C' p (e)r p (7- ( n+ 1) )) n (U 0 x P fc ). 

Let us stress that, setting A = —(L' + r + e/ 2), the estimate on Lip(/ P )~ n implies our statement 
since ^( 7 )^( 7 ) = f p ( 7 ) < 1 . 
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Let us first check that this is true for n = 1. By © we have rj p ( 7 ) < ^( 7 ) < C p (e)r p ( 70 ) and 
therefore, by Lemma [3TT1 (.P )- 1 is defined on T( 7 o, Vp(l)) LI (Uo x P fc ). Using Lemma [3TT1 again 
and (flOl) we get Lip (/ P )~ 1 < e T+<L ^r p {< e i,+r+e / 2 Z p ( 7 ). To show[3]it suffices to check that 
l p {"f)rj P {"f)e L + T + e / 2 = r p (fij)e L + T + e / 2 is smaller than C p (e)r p ( 7 - 2 ) which follows from © since 

e i'+r+£ < x 

Let us now proceed with the inductive step. Since ( f p )~ ( n+1 ' ) = (/ p ) 7 ^ n+1) o (/ p )~ ^, Lemma 
13.11 shows that (f p )T^ n+1 - > is well defined on T ( 70 ( 7 )) fl (Uo x P fc ). To compute the Lipschitz 
constant we will use Lemma 13.11 and (fTUl) : 

n+1 n+1 

Lip(/ P )~ (n+1) < ll Lip(/ P )p\ = [] e ' r + e / 3 rp ( 7 _^.)-| 
l=i l=i 

< e (n+l)(T+e/3)^^ e (n+l)L'+(n+l)e/6 _ ^^ e (n+l)(Z/+T+e/2). 

Finally, 

( /p) _ n+ i [ r(70t ^ ( ^) n {Uo x P fe)] c T( 7 _„ + 1 ,Lip(p)r (n+ 1 ) ^( 7 )) n (U 0 x P fc ) 

C T( 7 _ (n+ 1 ) ,C' p (e)r p ( 7 _ (n+2) )) n (U 0 x P fe ), 

where the last inclusion follows from ©, the estimate on Lip(/ P )~ and the fact that e L + T+e < 
1 . ’ □ 

3.2. Estimate of a Lyapunov exponent. As Proposition ^. 2l sliows. Theorem l2.2l will be proved 
if we establish first that the functions u n are A4-integrable and then that lim„ T + u n dA4 = L for 
some L < ~ d . This subsection is devoted to the proof of these two facts. We refer to Proposition 
13.71 below for a precise statement which, in particular, shows that the constant L may be considered 
as a bound for a Lyapunov exponent of the system (77, -A, M). 

In the next Lemma, we list some basic properties of the functions u n and u n . 

Lemma 3.4. Let Uq <e Vo <e Wo be open balls centered at Ao in M. Let u n : A x Wo —t R. and 
u n : A M be defined by u„{ 7 , A) := In ||(UF^ (A) (0)) _1 || and u n ( 7 ) := sup AgC/o u„( 7 0 , A). Let 
Xi(A) is the smallest Lyapunov exponent of the system (J\, f\, yi\). The functions u n satisfy the 
following properties. 

1 ) u n ( 7 , •) is p.s.h on Wo for every 7 £ A. 

2) The sequence ( u n ) n is subadditive i.e. u m + n < u n + u m o T n . 

3) For any fixed A £ Wo, we have lim n —Unfiy, A) = — Xi(A) for Ad-almost every 7 £ A. 

4) For M-almost every 7 £ A we have lim„ —u n ( 7 , A) = —Xi(A) for Lebesgue-almost every 
A £ Wo. 

Proof. 1) When 7 £ A is fixed the function is clearly continuous on Wo and u n ("/,\) = 

sup || e || =1 In ||(.DF”, A ,(0 )) _1 • e||. To see that u n { 7 ,-) is p.s.h it thus suffices to check that the 
map A i-a In ||(£)F"/ A j(0 )) -1 • e|| is p.s.h for each unit vector e £ C fe , which is clear since 
In ||(UF" a) (0 ))- 1 • e|| = | In JT =1 |a.^(A)| 2 , where the functions a,; are holomorphic on Wo- 

2) Let 7 £ A and m,n> 1. By definition, for every A £ Wo and z close enough to the origin 
we have: 
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F ™"( 7 )(A) ° F y(X) - (V>*(.F™+" (7)) ,.F-»+" (7)(A) ) ° fx ° A(F«(-y)) ,^"(7)(A) ° 

0 (V’i(^( 7 )),^(7)(A))” 1 ° fx 0 V»i(7),7(A)(*0 = F 7 7A) n ( Z ) 

and therefore 

( 11 ) (^ 7 7 aT (°)) 1 = (^( A )^))’ 1 ° (^( 7 ) W ( 0 )) _1 • 

Thus, if 7 G X we have 

w m+n (7) = In sup ||pF^(0))- 1 || = In sup || (DF^ W (0))" 1 o (DF™ ho){x) (0))" 1 1| 
AGf/o AgC/o 

<^sup(||( df; (a) (o))- 1 || ||Pf- ( 7 o)(a) (o))- 1 ||) 

AG?/o 

<ln sup II(^ 7 o( a)( 0)) _1 II + In sup ||( J Di^( 7 O )(A)( 0 ))" 1 |l = u n (j) + u m {E n {j)). 
\eu 0 \eu 0 

3) By Oseledec theorem (see EH), the subset J Aj i of J A \ Cf x defined by 
Ja.i := {x G J A \ C fx : lim„ A In ||(-D/ ; ( i )~ 1 || = -%i(A)} 


has full p, A measure. As p A * (Ad) = /i A , this implies that 7 (A) G J A ,i for At-almost ev¬ 
ery 7 in A and the assertion follows since lim„ i In ||(.D/ A )” ( - 1 A j || = lim„ A In ||(-D-F 7 ( A )( 0 )) -1 || = 
lim„ Am„( 7 , A). 

4) Let us denote by C the Lebesgue measure on M. Let E be the M <g> C -measurable subset of 
X x Wo given by 

E := {( 7 , A) G X x Wo : lim—u n ( 7 , A) = -yi(A)}. 

n n 

For every A G Wo and every 7 G X we set 

E x := {7 G A : (7, A) G E} and E 1 := {A G W 0 : (7, A) G £}. 

We have to show that £(£7) = £(Wo) for .A/f-almost every 7 G A. Since, according to the above 
third assertion, A4(E X ) = 1 for every A G Wo, this immediately follows from Tonelli’s theorem: 


£(£ 7 ) AA/f( 7 ) = M <g> £(£) = / A4(£ a ) d£(A) = £(W 0 ). 


' A" 


'Wo 


□ 


Our strategy will be to transfer the estimates known for the system (J \ 0 , f\ 0 , /i Ao ) to the system 
(A, £, A4). This is possible because the graphs T 7 for 7 G A must approach the critical set Cf 
locally uniformly, a phenomenon which simply relies on the compactness of the closure of X and 
the following basic property (see (BtDp| ). 

Fact There exist 0 < a < 1 such that supy 0 \tp\ < |<^(A)|“ for every A G Vo and every holomor- 
phic function (p : Wq —> C such that 0 < \tp\ < 1 . 

More specifically, the key uniformity property we need is given by the next lemma. In our 
proofs, we shall denote the smallest singular value of an invertible linear map L of C k by S(L). Let 
us recall that 5(L) = ||L -1 || -1 and that |detL| > S(L) k . 
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Lemma 3.5. Let Uq,Vq,\Vq and u n : X x Wo —> M be as in Lemma \3.4\ Then there exist a > 0 
and c > 0 such that —u n ( 7 , A) < — — u n (j, Ag) + Inc for every n > 1, every 7 G X and every 
Ag, A G Vg. 


Proof. From the compactness of X and Vo we get the existence of a constant ci > 0 such that 
|det(L>F^ A) (0))| < ci(5(£>F^ (A) (0)) for every A € V 0 and every 7 G A. 

Then, as detL>F” (A) (0) = n"=o det-DF^ (7) (0) and n"=o S ( DF hh)(°)'> ^ we § et 

(12) |detFF” (A) (0)| < c^DF^m V 7 € X, VA G 

Let us set C 2 := sup Ae -^ 7g ^ |detDF^ A j(0)|. When 7 G X, the holomorphic function <p( A) := 
i|detDF; (A ) (0) is non vanishing and its modulus is bounded by 1 on Wo . Applying the above 
stated Fact to p, we get 0 < a < 1 (which only depends on Vo and Wo) such that: 


(13) sup |detDF” (A) (0)| < c£ ( 1 _a) |det.DF? (A) (0)r; Vn > 1, V 7 G X, VA G V 0 . 

AgVo 

Using successively m and m we get for any A, Ag G Vo 

's(DF; (K) ( 0))] fc < \detDF; (x , o) m < c n 2 {1 - a) \detDF; (x) m a 

< c” (1 “ a) cr [<5(FF 7 " (a) (0)) 

Then, applying In and multiplying by — we get 


fc—it n ( 7 , An) > a—Unfa, A) - a (in ci + -— — lnc 2 
n n \ a 


which is the desired estimate with c := C\C> 2 “V“_ 


□ 


The next Lemma gathers the properties of the sequence ( u n ) n which will be crucial to end our 
proof. 

Lemma 3.6. Let /To,Vo,Wo and u n : X x Wo — > R, u n : X — > R he as in Lemma \3.4\ Then the 
following properties occur. 

1) The sequence (-pu n ) n is uniformly bounded from below on X x V). 

2) The sequence A-u n ( 7 , •) is uniformly bounded on Vq for Ad-almost every 7 G X. 

3) The functions u n are M-integrable. 


Proof. 1) Using the properties of the smallest singular value we have 
1 ... -1 


= — InS (dF" w 
n n V u > 




del 




1=0 


det flF|,( 7 )j A ) ( 0 ) 


and the assertion follows immediately from the definition and the continuity of Fy(x) ■ 

2) We have just seen that —u^j, ■) is uniformly bounded from below on Vo- By the fourth 
assertion of Lemma l3.41 for Al-almost every 7 G X there exists A 7 G Vo such that lim„ —u^j, A 7 ) = 
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— Xi(A 7 ). On the other hand, by Lemma [3.51 we have -^it„( 7, A) < —«„( 7,A 7 ) + Inc for every 
neN and every A G Vo and thus ^ u n (7, •) is uniformly bounded from above on Vo. 

3) By the above first assertion, we know that u n is bounded from below. It thus suffices to show 
that f u n (pj) dM(j) < + 00 . By Lemma RT5l we have 


UnisH) dM(j) < nine H-/ Mn((7ro(7), Ao) dM(j) = nine + — / w ra (7, Ao) dM(j) 


= nine + 


In || (DF^O))- 1 1| dM( 7 ) =n\nc-- / ln6(DF^ Xo) (0)) dM ( 7 ). 


Using m, we thus get 

r r kji 

I u n { 7) dM{ 7) < -- I hr |det(DU^ (Ao) (0))| dM(7) + — lnci + nine 

= ~aj ln l det ( I) ^o) 7 (Ao)l dM(j)+C=-^J In |det(D/ A() ) x | {dp Xo *M){x) + C 

and the conclusion follows from the integrability of In \det(Df^ o ) x \ with respect to p Xok M = p,\ 0 
(see [DS]). ' ° □ 

We are now ready to establish the main result of this section. 

Proposition 3.7. There exists a constant L < — d such that 

lim — I u n dM = lim — [ sup In II (DF™ ex'!(0)) —1 II dM = L 
n n Jx n n Jx \eu 0 

and lim n u n (fy) = lim„ sup AgC/o In || (DF™ g ^ (0)) - 1 1| = L for M-almost every 7 £ X. 

Proof. We will apply Kingman’s subadditive ergodic theorem (see |Arnl Dup|) to the sequence 
(«„)„. This is possible since the system ( X,J C - 1 M ) is ergodic, the sequence ( u n ) n is subadditive 
(second assertion of Lemma 13.41) and u\ £ L l {M) (last assertion of Lemma 13.61) . According 
to this theorem, there exists Lei such that lim rl M n ( 7 ) = L for At-almost every 7 £ X and 
lim„ A dM = L. It remains to show that L < — d . 

Taking into account the fourth assertion of Lemma 13.41 and the second assertion of Lemma 13.61 
we may thus pick 7 £ X such that: 

i) lim„u„( 7 ) = L 

ii) ^u n ( 70 , •) is uniformly bounded on Vo 

iii) lim n A-w n ( 70 , A) = — Xi(A) for Lebesgue-almost every A S Vo- 

We proceed by absurd. Assuming that L > =^, we will reach a contradiction with the fact 
that Xi(A) > Vfp for all A (see [BrDv| L Recalling that u n ("f) = sup Ag(7o w n ( 7 o, A), there exist 
\ nk £ U 0 and e > 0 such that -^-u nk ( 70 , A nfc ) > —+ e. We may assume that \ nk —>• Ag £ Uq 
and pick r > 0 such that B(\ nk ,r) C Vo for all k £ N. Then, by the subharmonicity of u Uk ( 70 , •) 
on Vq (first assertion of Lemma (TTI) we get: 

~ lnd [ c < u ^(.1o^n k ) < 1 f u nk { 70 , A) 

2 nk \B{Mki r )\ J B(Xn k ,r) n k 
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which, by Lebesgue dominated convergence theorem, yields 



and contradicts the fact that Xi(A) > for all A. 


□ 
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